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Abstract

We study the one-step-ahead forecast functional f, 1), = a + b sign(z;_q) |2:—al9,
a four-parameter family that nests the random walk, the linear lag-d predictor,
and a continuum of odd power-law transformations of a single lagged observa-
tion. Coined the Sign-Power Generalized Forecast (SPGF), this functional is motivated
both by is inherent simplicity and by the potential failure of linearity for financial
time series, volatility proxies, and macro-financial indicators exhibiting skewness,
heavy tails, and asymmetric serial dependence. We derive the population-optimal
parameters (a*, b*, d*, g*) under squared-error loss, absolute-error loss, and direc-
tional sign accuracy for a general strictly stationary first-order Markov process {x; }
whose dependence structure is characterised, via the Darsow et al. (1992) =-product,
by a one-step copula (1 and an invariant marginal F. The MSE optimum reduces to
a generalised correlation-maximisation problem; the MAE optimum reduces to L
median regression with an implicit first-order condition; and the sign-accuracy op-
timum reduces to a one-dimensional threshold problem whose solution is a concor-
dance functional of the (d+1)-step copula Cyy1 = C} (@1 invariant in the power
exponent g. All three optima are generically distinct, and we give exact conditions
for their coincidence. A simulation-consistent estimator is derived for the empiri-

cally relevant case in which C] “@+1 has no closed form. We apply the framework
to financial returns, derive three operational improvements over the baseline SPGEF-
SIGN rule—a multi-lag logistic model in sign space, a direct copula-conditional
probability estimator, and a majority-vote ensemble—and evaluate five sign fore-
casters in a rolling-window framework reporting MSE, RMSE, MAE, MASE, di-
rectional accuracy, Diebold—Mariano and Pesaran-Timmermann tests, information
ratio, and cumulative long-short P&L. The results strongly support the theoretical
underpinnings and the practical efficacy of the proposed method.
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1 Introduction

1.1 The potential failure of linearity in empirical forecasting

The standard workhorse of time-series forecasting is the linear, first-order autoregres-
sive, predictor fy 1y = a+bx;_g, withd = 1. Under joint Gaussianity the conditional ex-
pectation is linear and the minimum-mean-squared-error predictor coincides with the
ordinary least squares projection (Whittle, 1983; Brockwell and Davis, 1991). Moreover,
under Gaussianity the OLS predictor is simultaneously optimal under MSE, MAE, and
every loss function that is a monotone function of the absolute error (Granger, 1969b).
This triple optimality collapses as soon as the joint law of (x1,x;—q4) departs from el-
lipticity, which it routinely does for the data types where forecasting matters most.

Financial log-returns exhibit four well-documented non-Gaussian features (Mandel-
brot, 1963; Fama, 1965; Cont, 2001): heavy tails with tail-index estimates in [3, 5] for
major equity indices; volatility clustering and GARCH-type conditional heteroskedas-
ticity (Engle, 1982; Bollerslev, 1986); negative skewness and the leverage effect (Black,
1976; Christie, 1982); and asymmetric tail dependence, whereby large negative shocks
are more serially correlated than large positive shocks (Longin and Solnik, 2001; Ang
and Bekaert, 2002). Macroeconomic indicators display comparable features, includ-
ing regime-switching dynamics (Hamilton, 1989), threshold autoregression (Tong, 1990;
Tsay, 1989), and sign-asymmetric persistence (Bekaert and Wu, 1998). In all these set-
tings there exists some nonlinear predictor that dominates the linear rule under at least
one standard loss function.

The literature on nonlinear time-series forecasting is vast. Early contributions in-
clude the threshold autoregressive (TAR) family of Tong (1990), smooth transition au-
toregressions of Terdsvirta (1994), neural-network predictors (Kaastra and Boyd, 1996;
White, 2006), functional-coefficient models (Cai et al., 2000), additive nonparametric
regressions (Fan and Yao, 2003), and Bayesian nonparametric approaches (Hjort et al.,
2010). The common limitation of these approaches is that they typically optimize a sin-
gle criterion, usually squared-error loss, and do not characterize in closed form how
the optimal predictor changes when the loss function changes. The SPGF framework
attempts an intervention in this gap by making loss-function sensitivity itself part of
the object being studied rather than an afterthought of empirical comparison.

1.2 The sign-power forecast functional

We study the Sign-Power Generalized Forecast functional:

fer1e = a+ b sign(zy_q)|xe—ql?, (a,b,d,g) € R xR X Z>p x Rsp (1)
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The key ingredient is the sign-power transform
» = sign()[/? @)

which is an odd, strictly monotone transformation preserving the sign of its argument.
At g = 1 the SPGF reduces to the linear lag predictor. As g — 0" it converges to a pure
sign predictor, retaining directional information while discarding magnitude informa-
tion. For g € (0,1) the transform compresses large lagged observations and provides
heavy-tail robustness; for g > 1 it amplifies large past moves relative to small ones and
can capture momentum or leverage-type effects. The exponent therefore functions as a
forecasting analogue of a power-transformation parameter: it alters predictive geome-
try rather than serving merely as a notational generalisation.

The family in (1) nests many predictors used in practice. The special cases g = 1,
a = 0, b = 1 give the naive lag-d predictor; g = 1 with OLS (a, b) gives the linear AR(1)-
style predictor; and a = 0, b € {—1,1} gives a sign-based contrarian or momentum
rule (Harvey et al., 1999; Jegadeesh and Titman, 1993). The SPGF therefore provides
a unified parametric umbrella for asking which of these special cases is optimal under
each loss function.

The sign-power transform sign(x)|z|? has appeared in the literature in two adjacent
but distinct contexts, and the present paper is explicitly not a rediscovery of either. Bosh-
nakov and Ravagli (2021) study the same function in the time-series statistics literature,
showing that signed power transforms of ARCH-type processes remain ARCH-type
and exploiting the transform’s sign-preserving and moment-regularising properties to
construct white noise tests when fourth moments are absent. Their interest is in the dis-
tributional properties of the transformed outcome process, not in using the transform as
a predictor ingredient; no forecasting optimality, copula structure, or loss comparison is
involved. On the loss-function side, Elliott et al. (2005) (EKT) define the two-parameter
family L(e;a,p) = [ + (1 — 2a)1{e < 0}]|e|?, where p controls the power of the fore-
cast error and « controls asymmetry. The SPGF exponent g is the analogous object on
the predictor side: it controls how past magnitudes are reweighted before being used
to form the forecast, whereas the EKT p controls how forecast errors are penalised af-
ter the forecast is formed. These are genuinely different parameters even when both
equal one, and the SPGF framework makes no assumption about the shape of the loss
function beyond the three specific criteria studied. Finally, the concordance functional
Kd+1 = E[sign(z¢41) sign(z;_4)] that emerges as the solution to the SIGN outer optimum
(Theorem 5.4) is precisely the lag-(d + 1) zero-quantile autocorrelation measured by the
quantilogram of Linton and Whang (2007) and its multivariate extension by Han et al.
(2016). The quantilogram is a diagnostic tool for measuring directional dependence; the
SPGF provides the optimisation-theoretic foundation explaining why that quantity is
the right object to maximise within the sign-power predictor family.
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1.3 The copula approach to serial dependence

The central theoretical tool is the copula representation of the joint law of (z¢11,z;—q).
By Sklar’s theorem (Sklar, 1959), this joint law is characterised by the pair (F, Cy41),
where F'is the invariant marginal and Cy is a copula. For a first-order Markov process
with one-step copula C, Darsow et al. (1992) established that Cyy; = Cf (d+1), the (d+1)-

fold composition under the *-product
1
(A% B)(u,v) = / D A(u,t) 01 B(t,v) dt 3)
0

This decomposition makes the SPGF theory tractable: F' and C can be estimated sepa-
rately, and all multi-step dependence is generated by iterating C; through (3).

Why a first-order Markov structure suffices. The SPGF forecast functional f; ;; =
a+b sign(z;_q)|z,—q|Y depends on the observed history only through the single variable
xt—q and the parameters (a,b,d, g). Consequently, its optimality under any loss func-
tion depends exclusively on the joint law of the pair (2441, z;—4), not on the full joint
distribution of the entire process. We therefore place ourselves in the class of strictly
stationary first-order Markov processes, for which the joint law of any pair (z, x14x) is
completely determined by the one-step copula C and the invariant marginal F' via the
DNO composition Cj, = C;*. This assumption is not an artificial restriction: it is the
minimal dependence structure required to make the problem analytically tractable, and
it contains as special cases all linear AR(1) processes, all nonlinear autoregressions of
order one, and all copula-based Markov chains that are routinely used in financial and
macroeconomic modelling. Any process whose dependence decays with the lag and
is generated by a stationary Markov transition kernel fits this framework; higher-order
dependence would only affect forecasts that use multiple lags, which are not consid-
ered in the single-lag SPGF family. Thus, the Markovian setting is exactly the natural
domain for the theory developed here, and it is the setting in which the DNO *-product
provides a complete and rigorous characterisation of all multi-step joint laws required
for the outer optimisation over (d, g).

The copula approach to time-series modeling has developed rapidly since Patton
(2004) introduced copula-based models for conditional dependence. Key contributions
include the semiparametric Markov estimator of Chen and Fan (2006), the compre-
hensive review of Patton (2012), and extensions to high-dimensional settings such as
Brechmann and Czado (2012). The algebraic properties of the Darsow—Nguyen-Olsen
product have been studied by Ibragimov (2009), Longla (2012), and Durante and Sempi
(2015); see also Joe (2014) for the broader dependence-modeling context. Copulas have
been applied to financial return modeling by Jondeau and Rockinger (2006); Rodriguez
(2007); Patton (2006), establishing empirically the non-Gaussian and asymmetric tail de-
pendence that motivates the present framework. In the present paper that perspective
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is pushed one step further: the copula is not only a device for estimation, but the object

through which lag dependence and forecast optimality are linked analytically.

1.4 Directional forecasting

Predicting the sign of returns has attracted sustained interest in financial econometrics.
Pesaran and Timmermann (1995) established that market timing ability is equivalent
to sign-predictability, while Pesaran and Timmermann (1992) proposed the directional-
accuracy test now standard in the literature. Leitch and Tanner (1991) showed that
directional accuracy correlates more closely with profitability than MSE, motivating a
separate treatment of the sign criterion. Sign prediction has been studied using logis-
tic regression (Anatolyev and Gerko, 2005; Nyberg, 2011), probit models (Kauppi and
Saikkonen, 2008), Markov-switching models (Hamilton, 1989; Filardo, 1994), neural net-
works (Kaastra and Boyd, 1996), and ensemble methods (Timmermann, 2006). Linton
and Whang (2007) propose the quantilogram as a correlogram of sign hits for testing di-
rectional predictability without specifying an optimal predictor family. None of these
approaches derives the optimal sign forecast within a parametric predictor family from
first principles under a copula-based dependence model.

Forecast evaluation is conducted here using the Diebold—Mariano test (Diebold and
Mariano, 1995; West, 1996) for comparative accuracy, the Pesaran-Timmermann test
(Pesaran and Timmermann, 1992) for absolute directional predictability, and economic
criteria including the information ratio (Sharpe, 1966; Grinold and Kahn, 1989) and the
mean absolute scaled error (Hyndman and Koehler, 2006). The companion Python im-

plementation reports all of these, providing a unified evaluation infrastructure.

1.5 Contributions and outline
This paper makes four contributions.

(i) Exact inner optima. For fixed (d,g) we derive closed-form or implicitly defined
optimal (a*, b*) under MSE, MAE, and SIGN for an arbitrary stationary first-order
Markov process (section 3).

(ii) The Darsow et al. DNO outer optimum. The outer optimisation over (d, g) reduces
to integral functionals of (F, C] @+ g) via the DNO *-product (section 4).

(iii) g-invariance of the SIGN criterion. The directional-accuracy optimum depends on
the lag structure but not on the power exponent g; under symmetry and sign-
monotonicity it reduces to a concordance functional of C4; (section 5).

(iv) Financial applications and operational sign forecasters. We characterise why financial
returns are the natural domain for the general theory, derive three operational
improvements over the baseline SPGF-SIGN estimator, and evaluate five sign
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forecasters— AR1-Sign, SPGF-Sign, MultiLag-Logistic, CopulaProb, and Ensemble —
in a rolling-window backtest with comprehensive statistical and economic evalu-
ation (sections 7 and 8).

The rest of the paper is structured as follows: section 2 establishes notation; section 3
solves the inner problems; section 4 develops the DNO connection; section 5 establishes
the structural features of the sign-accuracy problem; section 6 derives the simulation
estimator; section 7 develops the financial application and the operational forecasters;
section 8 describes the companion implementation and evaluation protocol. section 9
concludes.

2 The forecast functional and the three optimization problems

Let {z:}icz be a strictly stationary, first-order Markov process (241, z:i—q) on R with
invariant marginal CDF F’, assumed continuous. The MSE criterion requires finite sec-
ond moments of y and z; the MAE and SIGN criteria require weaker conditions (first
moments for MAE, none for SIGN), which are stated at the relevant points in the text.
The copula-DNO framework and the simulation estimator do not require any moment
assumptions beyond the existence of F' and its quantile function. Having said this, for
fixed d > 0 and g > 0, define:

z = z-d(g) = sign(i—a)|w—al’ (4)

and write y = x4 for the forecast target. The SPGF predictor is y = a + bz. Then the
inner optimization problems solve:

Definition 2.1 (The three forecast-optimisation problems). For fixed (d, g), define:

(a*,b")mse = argminE[(y — a — bz)?], (5)
a,b

(a*,0")mag = argminE|y — a — bz|, (6)
a,b

(a*,b")sion = arg max P(sign(y) = sign(a + bz)) (7)
a,b

The outer optimization problem is:

(d*,g*) = argmin L((a*, b*)s(d, 9); d, g) (8)
d>0,g>0

where £ is the minimised loss, or the negative of maximised accuracy in the SIGN case,
and e € {MSE, MAE, SIGN}.1

! All expectations in this paper are taken with respect to the stationary joint distribution of the process.
This is the correct population criterion for a fixed-parameter forecast rule, because the parameters (a, b, d, g)
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In the paper we solve (5)—(7) for fixed (d, g), express the resulting objectives as func-
tionals of the joint law of (y, z), and then reduce that joint law via the DNO *-product
to a functional of (F,C1,d, g).

3 Inner optimisation: exact first-order conditions

3.1 Squared-error loss

Theorem 3.1 (MSE inner solution). For fixed (d, g) with Var(z) > 0, the unique minimiser

of (5)is

byse = Var(z) ayise = Ely] — bysgEl2] )
and the minimised loss is
Cov(y, 2)
Lyse(d, g) = Var(y) (1 — p*(y, 2)), ,2) = 10
wmse(d, 9) (y) (1= p*(y,2)) p(y, z) Varly) VarGo (10)

Proof. The objective is strictly convex quadratic in (a,b). Setting its gradient equal to
zero yields the normal equations E[y — a — bz] = 0 and E[2(y — a — bz)] = 0, whose
unique solution is (9). Substituting back gives (10). O

Theorem 3.1 shows that the SPGF family preserves the familiar projection logic of
linear forecasting while enlarging the choice set over which correlation is maximised.
Once the lagged regressor is allowed to pass through a sign-preserving power map,
the outer MSE problem becomes a joint problem of memory selection and magnitude
reweighting. In non-Gaussian environments this reweighting is substantive rather than
cosmetic, because the linear benchmark g = 1 need not be the correlation-maximising

transformation.

Corollary 3.2 (Outer MSE problem). Since Var(y) is independent of (d, g),

(d*, g*)mse = argmax p® (zy41, sign(zy—q)|z—al?)
d.g

3.2 Absolute-error loss

Theorem 3.3 (L; inner solution). Suppose that for every b in a neighbourhood of b*, the dis-
tribution of y — bz has a continuous density strictly positive at its median. Then (a*,b*)MmaE

are constants that must perform well on average over all possible histories. Minimizing the unconditional
risk is equivalent to minimizing the average conditional risk. Since the process is stationary, the joint
distribution of (y, z) is independent of ¢, and the sample average of the loss converges to the unconditional
risk.



Sign-Power Generalized Forecast Functional CAIL-WP-2026-SPGF

satisfies

a* =Med(y — b*z2), (11)
0=E|z sign(y — a* — b*z2)]. (12)

Proof. For fixed b, the map a — E|y — bz — al is convex with subgradient —E[sign(y —
bz —a)] and is minimised at the median of y — bz, giving (11). Differentiating the profiled
objective with respect to b yields (12) under the stated regularity conditions. O

Remark 3.1 (Median regression interpretation). Equation (12) is a sign-orthogonality
condition for the residual r = y — a* — 0%z, the L; analogue of the OLS orthogonal-
ity condition. Jointly, (11)—(12) define the population median regression of y on z in the
sense of Koenker and Bassett (1978); Koenker (2005).

Corollary 3.4 (Outer MAE problem). The outer MAE optimisation over (d, g) requires min-
imising

EMAE(da g) =K ‘y - a’*(du g) - b*(d7 g)zt,d(g)\
where (a*,b*) solve (11)—(12). Although no closed-form expression for Lyag exists in general,
its copula representation is

Lymae(d, g) = /[0 . |F71(v) = a*(d, g) — 0" (d. ) sgn(F~" (u))|[F =" (u)|?] dCra(u,v)
Corollary 3.5 (Coincidence of MSE and MAE solutions). If the conditional law of y given

z is symmetric about a3;ep + by,p 2 for every z, then (a*,b*)mag = (a*, b*)msE-

Proof. Under conditional symmetry, the conditional mean and conditional median co-
incide at the MSE solution, so (11)—(12) are satisfied by (a*, b*)vsE- O

Corollary 3.5 identifies exactly when the common intuition that MAE is just a more
robust version of MSE is valid. When conditional symmetry fails, the mean and median
target genuinely different population objects, and the SPGF parameters that optimize
them need not agree. This separation is especially relevant in financial environments
with asymmetric dependence and lower-tail concentration, where the divergence be-
tween magnitude-sensitive criteria is economically meaningful rather than statistically

incidental.

3.3 Directional-accuracy loss

Theorem 3.6 (Reduction to a scalar threshold). For fixed (d,g) and sign s = sign(b) €
{—1,1}, problem (7) depends on (a, b) only through the threshold T = —a/b, via

sign(a + bz) = s sign(z — 1) (13)
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Writing
U(r;d,g) = E[sign(y) sign(z — 7')] (14)
we have

P(sign(y) = sign(a + bz)) = % + %‘I’(T; d,g) (15)

Proof. Since a + bz = b(z — 7), the sign of a + bz depends on (a, b) only through s and 7.
The probability identity then follows from the indicator relation 1{uv = 1} = (1 + uv)
for u,v € {-1,1}. O

Theorem 3.7 (Threshold first-order condition). If z has density f, > 0 on its support and
7 — Elsign(y) | z = 7] is continuous, then any interior maximiser 7* of ¥(-; d, g) satisfies

Elsign(y) | z = 7" = 0 (16)
Proof. Write U(7;d, g) = [7° m(u) f2(u) du—["__ m(u)f(u) du, wherem(u) = E[sign(y) |
z = u). Differentiating under the integral sign via Leibniz’s rule gives

ov

5 (T1d9) = —m(7) f(7) — m(7) fo(7) = —2E[sign(y) | z = 7] fo(7)

Since f.(7) > 0 on the interior of the support of z, any interior stationary point 7* must
satisfy E[sign(y) | z = 7] = 0, which is (16). O

Corollary 3.8 (One-parameter ray of optimal sign rules). Fix 7* solving (16) and let s* =
sign(¥(7*;d, g)). Every pair (a,b) with sign(b) = s* and a = —br™* attains

1 1
Accuracy™(d, g) = 5t 5"1’(7*; d,g)| (17)

The sign criterion therefore does not identify (a, b) individually.

Remark 3.2 (Scope and identification). The non-identification in Theorem 3.8 is struc-
tural rather than pathological. The sign operator is invariant to positive rescaling, so
the criterion is rank-based and identifies only a separating threshold and direction, nota
unique linear coefficient pair. In that sense the SIGN problem is closer to a classification
problem than to a cardinal level-forecasting problem: what matters is on which side of

the threshold the predictor falls, not the numerical scale on which it is represented.

4 Outer optimization via the Darsow—Nguyen—Olsen *-product

4.1 Sklar decomposition and one-step copula

By Sklar’s theorem, the stationary joint distribution of (z;, z;+1) has the representation

Hi(z,z") = C1(F(x), F(z'))
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for aunique copula C; when F'is continuous. The copula C encodes the entire one-step

serial dependence independently of the marginal behaviour.

4.2 The DNO product

Definition 4.1 (Darsow-Nguyen—Olsen *-product). For copulas A and B, define
1
(A* B)(u,v) = / 02 A(u,t) 01B(t,v) dt (18)
0

Theorem 4.2 (Markov composition). The s-product is bilinear and associative. If {x;} is a
first-order Markov process with one-step copula C, then for every k > 1 the copula of (x¢, T+11)
is

Crp=CPF (19)

Remark 4.1 (Closed-form powers). Closed-form *-powers are available essentially only
for elliptical copulas. For many Archimedean and other non-elliptical families, C;*
leaves the original family for £ > 2 and has no usable closed form. This is why the
simulation estimator of section 6 is a theoretical necessity rather than merely a com-
putational convenience. The more realistic the dependence departs from the Gaussian
benchmark, the more central simulation becomes to the actual operational meaning of
the theory.

4.3 The joint law of (y, z) as a pushforward

Fix (d, g). By stationarity and the Markov property, (z;—q4,z:++1) has copula Cyy1 =

Cf(dﬂ) and common marginal F'. Writing u = F(z;_4) and v = F(x41), with (u,v) ~

Cg4+1, we have
wa=F '), y=F'v), z=sign(F(u)|F " (u) (20)

Thus every quantity entering the MSE, MAE, and SIGN objectives is an integral func-
tional of (F, Cy+1,g). In particular,

1

E[y] :/ F~1(v) d, (21)
01

Bl = [ sign(F~! () [P~ @)l du. 22)

Cov(y,z) = /[0 . Fﬁl(v) sign(Fﬁl(u)) ]Fﬁl(u)\g dCyyi1(u,v) — Ely|E[z]  (23)

This representation reduces the outer optimisation problem to alow-dimensional search

over (d, g) once (F, C}) are specified or estimated.

10
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5 The sign-accuracy optimum and the g-invariance result

Theorem 5.1 (g-invariance of the sign criterion). For every g > 0,

sign (sign(z)|z|?) = sign(z)

almost surely. Consequently the SIGN criterion depends on the lagged predictor only through
the sign of xy_q, not through the exponent g.

Proof. For x # 0, the transformed magnitude |z|9 is strictly positive, so the sign of the

transformed variable equals the sign of . At z = 0 both sides are zero. O

Corollary 5.2 (Zero threshold under symmetry and sign-monotonicity). If F' is symmet-
ric about zero and E[sign(zi11) | xt—q = &] is non-decreasing in £, then T = 0 satisfies (16)
and globally maximises directional accuracy for every g > 0.

Proof. Under symmetry, zero is the natural median threshold, and the monotonicity
condition implies that the conditional sign expectation changes sign at zero and does

so only once. [

Remark 5.1 (What if sign-monotonicity fails?). Corollary 5.2 relies on the assumption
that E[sgn(z¢y1) | #—q¢ = £] is non-decreasing in . This holds for many commonly
used copula families (e.g., Gaussian, Student-t, Clayton with positive dependence) but
may fail for processes with non-monotone dependence, such as those exhibiting peri-
odic or cyclical patterns. In that case the optimal threshold 7* may be non-zero and
the optimal directional accuracy is given by the general formula (17) rather than the
concordance identity (25). The simulation-based estimator of section 6 remains valid
without any monotonicity assumption: it directly maximises the empirical analogue of
U(r;d,g) over 7.

Corollary 5.3 (Zero threshold implies zero intercept). Under the conditions of Corollary 5.2
(or more generally, whenever the optimal threshold is 7 = 0), the optimal intercept in the SPGF
forecast is a* = 0. The SPGF-SIGN predictor therefore simplifies to

ft+1\t = b" sign(w¢—q)|7i—ql?

and the sign of the forecast is simply the sign of the lagged value (up to a global sign factor). This
property is a direct consequence of the symmetry of the copula and the marginal distribution

around zero.

Theorem 5.4 (Concordance identity). Under the conditions of Theorem 5.2, in particular
with F symmetric about zero so that F(0) = 3, the optimal directional accuracy depends on the

lag d only through the concordance functional

ka1 = E[sign(zs41) sign(z;—q)] (24)

11
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and

1 1
Accuracy™(d) = 5 T 5kd (25)

Moreover, k41 admits the central-copula representation
Kar1 =4Ca1(3,3) — 1 (26)

which is Blomquist’s 3 evaluated at Cy 1.

Proof. Since 7* = 0 by Theorem 5.2, we have ¥(0;d,g) = E[sign(y)sign(z)] for any
g > 0. By the g-invariance theorem (Theorem 5.1), sign(z) = sign(z;_q) a.s., giving
U(0;d, g) = Kq+1. Substituting into (17) with 7* = 0 yields (25).

For (26), let U = F(x;_4) and V = F(z¢4+1), so (U, V) ~ Cy41. Since F' is symmetric
about zero and continuous, F(0) = 3, and therefore

sign(zy41) = sign(F(z;41) — 1) =sign(V — 1) as.
and likewise sign(z;_q) = sign(U — 3) a.s. Hence
ka1 = Efsign(V — 3)sign(U — 3)] =4Cyqa(3,3) — 1

where the last equality is the standard identity for Blomqvist's 5 (Durante and Sempi,
2015, Proposition 5.1.6). ]

Remark 5.2 (Structural separation). The SPGF parameters split naturally into two roles.
The exponent g governs the magnitude-sensitive MSE and MAE criteria, whereas the
lag structure governs the directional problem. In general, the MSE-, MAE-, and SIGN-
optimal configurations need not coincide. This structural separation is one of the central
implications of the paper: disagreements across forecast objectives can arise from the
geometry of the predictor family itself, even before sampling uncertainty is taken into
account.

6 Simulation-consistent estimation

For non-elliptical copulas, the multi-step copula C} (d+1)

is typically unavailable in closed
form. We therefore use simulation based on iterated Rosenblatt sampling. The purpose
isnot merely to approximate an intractable integral. The recursion generates exactly the
Markovian dependence iterates that the outer optimisation requires, so the estimation

strategy mirrors the population theory rather than bypassing it.

Theorem 6.1 (Conditional Rosenblatt sampling). Let C have conditional quantile function
Q(& | u), defined as the inverse in the second argument of the conditional copula distribution.

12
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Let ug ~ U(0,1) and for i > 1 draw &; % U(0,1) and set

u; = Q& | wi-1) (27)

Then {u;} is a stationary Markov chain on [0, 1] with one-step copula C1, and (ug,uy) has
copula C7* for every k > 1.

Algorithm 6.2 (Simulation-consistent SPGF recovery). Given estimated F, estimated

one-step copula C1, maximum lag D, a grid G for g, and Monte Carlo length N:
1. Simulate a single chain {u;}Y " via (27) and set z; = F~*(u;).

2. For each lag d € {0,...,D} and exponent g € G, form pairs (yn, z,) with y, =

Tptd1 and z, = sign(z,) |z, 9.
3. For MSE, compute the OLS coefficients and associated loss.
4. For MAE, solve the median-regression first-order conditions numerically.

5. For SIGN, grid-search over thresholds for z, and record the maximal directional

accuracy.

6. Return the optimal configurations for MSE, MAE, and SIGN together with the

associated parameters.

6.1 Practical implementation of the simulation estimator

The simulation estimator in Algorithm 6.2 is straightforward to apply, but three practi-

cal issues deserve attention.

Choice of Monte Carlo length N. The required N depends on the strength of serial
dependence and the smoothness of the objective. For typical financial returns with weak
autocorrelation, N = 10° gives negligible Monte Carlo error for the MSE and MAE
objectives; for the SIGN criterion, which is rank-based, N =5 - 10%is usually sufficient.
A simple diagnostic is to repeat the estimation with two independent chains and verify
that the optimal (d*, g*) are stable.

Grid for g and d. For the power exponent g, a logarithmic grid over [0.1, 3] (e.g., 10
points) captures the relevant curvature; finer grids can be used if computational budget
permits. For the lag d, it is sensible to include all lags up to a maximum D beyond

(d+1)

which the copula power Cj is numerically indistinguishable from independence.

In practice, D = 20 is often adequate for daily financial data.

13
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Reusing the simulated chain. The same simulated chain {:c,}fi JgD can be reused for
every (d, g) pair because the pairs (y,, 2,) are formed by shifting indices. This makes
the grid search over (d, g) cheap once the chain is generated. The main computational
cost is the Rosenblatt simulation from the fitted copula; this cost is incurred only once

per rolling window.

Remark 6.1 (Consistency and efficiency). Under standard ergodicity conditions, ergodic
averages from the simulated chain converge to the required population functionals. The
same simulated chain can be reused across all (d, g) pairs, so the expensive step is sim-
ulation from the fitted copula rather than the outer grid search itself.

7 Application to financial return series

7.1 Why financial returns are the natural domain

Financial return series simultaneously exhibit four structural properties that activate
every part of the presented SPGF theory. This is why the financial application is espe-
cially revealing rather than merely illustrative: each element of the SPGF setup acquires
a direct empirical interpretation in return data.

(i) Heavy-tailed marginals. The invariant marginal of daily and weekly returns is sub-
stantially heavier-tailed than Gaussian (Mandelbrot, 1963; Cont, 2001). This makes

the power transform genuinely informative for magnitude-sensitive criteria.

(if) Asymmetric tail dependence and leverage. Large negative shocks are more likely to be
followed by further negative shocks than large positive shocks are to be followed
by further positive shocks (Black, 1976; Christie, 1982; Longin and Solnik, 2001;
Ang and Bekaert, 2002). This is exactly the type of serial asymmetry that makes
copula modeling useful and Gaussian approximations inadequate.

(iii) Non-trivial but small directional concordance. Daily equity return predictability is
typically weak in magnitude but can still be statistically and economically mean-
ingful when evaluated on long samples (Pesaran and Timmermann, 1995; Leitch
and Tanner, 1991).

(iv) Horizon-dependent dependence decay. The dependence structure between z; and
x4, decays with k in a way governed by the underlying Markov operator, making
lag selection empirically substantive rather than cosmetic.

These features do not merely motivate the SPGF framework in the abstract; they
determine the form of practically useful sign forecasters. Heavy tails make the magni-

tude transform relevant for MSE and MAE. Asymmetric dependence motivates direct

14



Sign-Power Generalized Forecast Functional CAIL-WP-2026-SPGF

conditional-probability modeling. Non-trivial short-run concordance motivates direc-
tional forecasting itself. Horizon-dependent decay makes lag selection and multi-lag

aggregation operationally relevant.

7.2 Limitations of the baseline SPGF-SIGN estimator

The baseline SPGF-SIGN rule, while theoretically grounded, has four practical limita-

tions in financial applications.

(i) Simulation variance. The concordance and threshold are estimated from a Rosen-
blatt chain rather than directly from the observed return sample, so Monte Carlo

noise can matter when the simulation length is too small.

(ii) Single-lag information loss. A single-lag sign rule discards directional information

available at neighbouring lags when several short lags are jointly informative.

(iii) Binary-versus-probability information loss. A thresholded sign rule produces only
a binary decision, whereas the full conditional probability of a positive return

contains more information and can support confidence-weighted decisions.

(iv) g-parameter inheritance. Because the sign criterion is g-invariant, a baseline im-
plementation often inherits a magnitude scale from an MSE-oriented step, even
though that scale is not intrinsic to the directional problem.

These limitations motivate three operational improvements over the baseline SPGF-
SIGN estimator: a multi-lag sign-space logistic model, a direct copula-conditional prob-
ability estimator, and an ensemble that combines several directional signals. We pro-

pose and utilize these extensions next.

7.3 From theory to practice: approximations and extensions

The baseline SPGF-SIGN rule derived in Section 5 is the population-optimal single-lag
sign forecaster under the concordance identity. Its practical limitations motivate three
operational refinements. These refinements are not arbitrary heuristics; they are natu-
ral approximations that either (i) relax the single-lag restriction by aggregating infor-
mation over several lags (MultiLag-Logistic), (ii) exploit the full conditional probability
rather than just its sign (CopulaProb), or (iii) combine complementary signals to re-
duce variance (Ensemble). The MultiLag-Logistic model is a direct consequence of the
g-invariance theorem: because the sign criterion depends only on lagged signs, a flexi-
ble logistic model in sign space is a parsimonious way to capture multi-lag concordance.
The CopulaProb forecaster is an empirical implementation of the conditional probabil-
ity (29), which contains more information than the binary sign. The Ensemble combines
these approximations to guard against misspecification of any single component. Thus,
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while each of these forecasters departs from the exact SPGF-SIGN rule, they all remain
rooted in the same copula-based theory and are designed to address the specific weak-
nesses of the single-lag threshold rule. We present these in turn and also discuss some

additional implementations that are of practical interest.

7.4 Multi-lag logistic regression in sign space

Because the sign criterion depends on (z_g4, 24+1) only through their signs, a natural

extension works directly in sign space. Define:
s¢ = sign(xy) € {—1,1}

almost surely under continuity of the marginal law and then define:

Definition 7.1 (Multi-lag sign model). For maximum lag D, define the logistic sign
model

D
1
P(sgr1 =118, 8t-1,...,81-D) = A(ﬁo + Z/Bd+13td> ;o Aw) (28)

= 1+e ¥

Equivalently, with y; = 1{x¢y; > 0}, this is a Bernoulli regression driven solely by
lagged signs.

The model in (28) should be viewed as an operational sign-space extension motivated by
the g-invariance theorem, not as a claim that logistic regression is the unique population-
optimal rule under the original SPGF criterion. Its value lies in aggregating weak direc-

tional signals across several nearby lags in a parsimonious and interpretable form.

Remark 7.1 (Ridge regularisation). In rolling windows, especially at lower frequencies
or under short samples, the sign design matrix may be ill-conditioned or close to sep-
aration. Ridge regularisation is therefore used as an implementation stabiliser rather

than as a theoretical ingredient of the population model.

7.5 Testing the zero-threshold hypothesis

The condition 7* = 0 — equivalently a* = 0 in the SPGF-SIGN predictor — is a strong
structural implication of the symmetry assumptions in Corollary 5.2. It is therefore of
practical interest to test whether the data support this restriction. A direct test on the
threshold 7* estimated from Algorithm 6.2 is complicated by the non-smoothness of
the sign objective and the simulation noise. However, the sign-space logistic model of
Definition 7.1 provides a straightforward alternative.

Consider the single-lag sign model

P(St_|_1 =+1 ‘ S = S)

Io
P(St+1 =-1 ‘ St = S)

= Bo + P18, se{-1,+1}
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The threshold 7* = 0 in the original SPGF-SIGN rule corresponds exactly to the condi-
tion that the forecast sign is independent of the magnitude of z, i.e., it depends only on
sign(z) = sign(z;). Under the symmetry conditions of Corollary 5.2, the conditional

probability of a positive return given a positive lag equals that given a negative lag:
P(l’t+1>0|l‘t>0) = P(l’t+1>0|$t<0) = 3

whichimplies 3y = 0in the logistic model. Conversely, if 3y = 0, then the logistic model
produces a sign forecast that is sign(/31s), which is a pure sign rule with threshold zero.
Thus, the null hypothesis

is equivalent (under the logistic model) to
Hg : 50 =0

A Wald test for Hy is obtained from the maximum likelihood estimator 3 = (Bo, Bl)
of the logistic regression. The asymptotic covariance matrix is the inverse of the Fisher

information: .
Var(3) = (STWs)

where S is the 7' x 2 design matrix with rows (1, s;) and W = diag(p:(1 — pr)) with
Pt = U(Bo + 5187&)- The Wald statistic

52
W = /\BOA 4 x? under Hy
Var(p)

A p-value below a chosen significance level (e.g., 0.05) provides evidence against the
zero-threshold hypothesis, indicating that the optimal SIGN threshold is not zero and
that the symmetric conditions of Corollary 5.2 are violated.

For the multi-lag model (Definition 7.1), the same logic applies: the null that the
optimal threshold is zero for every lag is equivalent to 8y = 0 (intercept zero) in the
joint logistic regression of s;11 on (s¢,...,s;—p). The Wald test for y = 0 then tests
the joint symmetry of the entire sign process. In practice, one may also test the joint
hypothesis 3y = 31 = --- = Bp = 0 to assess whether any sign predictability exists, but
the isolated test on fj specifically addresses the zero-threshold condition.

Remark 7.2 (Interpretation of a rejected null). If the test rejects Hy : Sy = 0, then the
optimal sign forecast under the SPGF-SIGN criterion has a non-zero threshold 7 # 0,
and hence a* # 0. This implies that the forecast sign is not simply the sign of the lagged
value; it depends on the magnitude of the lagged return through the threshold. Such
a finding is consistent with asymmetric dependence or non-zero mean returns. In that
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case, the practitioner must estimate the full threshold 7* (e.g., via Algorithm 6.2) rather
than assuming a symmetric rule. The test therefore provides a diagnostic for whether
the simplifying zero-intercept rule is justified by the data.

7.6 Direct copula-conditional probability estimation

The threshold first-order condition says that the optimal SIGN threshold is located
where the conditional probability of a positive return equals one half. A natural re-
finement is therefore to estimate the full conditional probability

P(xi11 >0 | 2 = x),

which contains strictly more information than the thresholded sign forecast alone.

Remark 7.3 (Conditional copula notation). For a copula C' with continuous partial deriva-

tive, write
0C (u,v)

ou
for the conditional distribution function of V given U = u, so that h(v | u) = P(V < v |

h(v|u) =

U = u) whenever (U, V) ~ C. This is the standard conditional copula function used in
Joe (1997) and Patton (2012).

Proposition 7.2 (Direct copula-conditional probability). Let F' be the invariant marginal
and C the one-step copula of a stationary process. Write u = F(x;) and ug = F(0), and let
h(- | ) be the conditional copula function defined in Remark 7.3. Then

P(xi41 >0 |z =2)=1—h(ug | uw) (29)

where h(ug | u) = 01C(u, up) in the notation of Joe (1997). Thresholding this probability at
1/2 yields the associated binary sign forecast.

Proof. By Sklar’s theorem, with U = F'(z;) and V' = F(x;41) jointly distributed as C},
P(a1 <0|ay=2)=PV <F0)|U=u) =PV <ug |U=u) =h(uo | v

Taking complements gives (29). O

Operationally this construction has both a parametric and a nonparametric version.
In the parametric version, 9;C is evaluated from a fitted family such as Gaussian or
Student-t. In the nonparametric version used for robustness in the companion code,
the conditional probability is approximated by an empirical k-nearest-neighbour con-
ditional copula fraction. The former is analytically transparent; the latter reduces sen-

sitivity to copula misspecification.
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7.7 Ensemble combination

The four component sign forecasters—AR1-Sign, SPGF-Sign, MultiLag-Logistic, and
CopulaProb—exploit complementary aspects of the return process. AR1-Sign is the lin-
ear benchmark. SPGF-Sign is the direct implementation of the paper’s baseline concor-
dance theory. MultiLag-Logistic aggregates sign information across several lags. Cop-
ulaProb uses the fitted one-step conditional sign probability. Their errors need not be

perfectly aligned, so a simple ensemble can improve stability.
Proposition 7.3 (Operational ensemble forecast and accuracy bound). Let

ARI SPGF  MLL cp
Sprie Statle Sepp S € (L1}

be the four component binary forecasts, with associated probabilities

AR1 SPGF  , MLL cp
Pivipe Perijer Pryajer Pryage © [0, 1].
Define the ensemble sign forecast by majority vote over the four binary forecasts. In the event
of a 2-2 tie, set the ensemble sign equal to the CopulaProb sign forecast. Define the ensemble
probability forecast by equal-weight averaging:

1
E AR1 SPGF |, . MLL cp
ptfﬂt ~ 1 ( 1)t T Pert)e T Perie +pt+1|t) . (30)

Moreover, let py, = P(égi)l = S441) > % be the hit rate of the k-th component, p = % > i Pk
the mean hit rate, and p the mean pairwise error correlation across the K = 4 components. Then
the variance of the equal-weight average probability score satisfies

1+ (K —1)p
Var(pE™s,,) = % 52, (31)

where 5 is the mean component probability-score variance. Consequently, for p < 1, the ensem-
ble reduces forecast variance relative to any single component by a factor of [1+(K —1)p]/ K < 1,
with the reduction increasing as p decreases (Timmermann, 2006; Bates and Granger, 1969).

The tie-breaking rule gives preference to CopulaProb because it uses the richest one-step
conditional object among the four component methods, namely the fitted copula-based
conditional event probability. Equal weighting is retained to avoid introducing an ad-
ditional estimation layer for combination weights in short rolling samples. This choice
is also consistent with the forecast-combination literature, where equal weighting of-
ten performs well because it exchanges a small amount of theoretical efficiency for a
meaningful reduction in estimation error.
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7.8 Economic evaluation criteria

Because the Python financial module produces both directional forecasts and probability-
based decision scores, statistical accuracy alone is not sufficient for evaluation. We
therefore report level-domain criteria (MSE, RMSE, MAE, MASE), directional criteria
(HitRate, Pesaran-Timmermann, sign-based Diebold—Mariano comparisons), and eco-
nomic criteria (information ratio and cumulative long-short P&L).

Pesaran-Timmermann test

The Pesaran-Timmermann statistic tests whether forecast signs and realised signs are
more aligned than would be expected under independence (Pesaran and Timmermann,
1992). Let p, be the empirical frequency of positive outcomes, p; the empirical fre-
quency of positive forecasts, and p. = p,pr + (1 — py)(1 — py) the hit rate expected
under independence. Then

PT= ——2 P
\/Var() — Var(p.)

(32)

is asymptotically standard normal under the null (Pesaran and Timmermann, 1992),

where
Var(p) = PO, (33)
Var(pe) = (2py — 1)2ps(1 — ps) + (265 — 1)%py(1 — py) -

T

with 7" the number of out-of-sample forecast periods. These expressions assume serially
independent forecast errors; under dependence, replace T with the long-run variance
estimated by a HAC procedure (West, 1996).

Information ratio and cumulative long-short P&L

Given sign forecast 8,1, € {—1,1} and realised return z;.1, define the one-period
strategy return by

7“%11 = S441)¢ Te1- (35)
The information ratio is g
E
IR = ﬁ, (36)
Var(rﬁrl)

or its sample analogue in the rolling backtest. The cumulative gross return is
T

PnL(T) = [J(1 + ). (37)
t=1
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These criteria are economically meaningful because they depend not only on directional

accuracy but also on the magnitude distribution of correct and incorrect forecasts.

Mean absolute scaled error

To retain one scale-free level-domain measure alongside the directional metrics, we re-

port the MASE
out-of-sample MAE

initial-window naive one-step MAE’

MASE = (38)

where the denominator is computed once from the initial training window. In the finan-
cial sign module this should be viewed as an auxiliary comparability diagnostic rather

than the primary target of the sign forecasters.

8 Companion implementation and evaluation protocol

The complete financial-forecasting framework is implemented in the companion file

SPGF_financial.py. The implementation mirrors the theoretical construction while

providing a bias-free rolling-window comparison of five operational sign forecasters.
The module includes an empirical marginal model, Gaussian and Student-t copula

classes, an empirical conditional copula device, and five evaluated sign forecasters:
(i) AR1-Sign, the linear sign baseline;
(if) SPGF-Sign, the paper’s original single-lag copula-concordance rule;
(iii) MultiLag-Logistic, the sign-space logistic extension;
(iv) CopulaProb, the direct copula-conditional probability forecaster;

(v) Ensemble, the majority-vote combination of the previous four methods with Cop-
ulaProb tie-breaking and equal-weight probability averaging.

The rolling evaluation is strictly expanding-window. Each forecast at time ¢ is pro-
duced using only observations up to ¢ — 1. Lightweight models are refit every step,
whereas the more expensive copula-based models may be refit every k steps for compu-
tational efficiency. The evaluation harness reports MSE, RMSE, MAE, MASE, HitRate,
Diebold-Mariano comparisons under MSE, MAE, and sign-hit loss, together with the
Pesaran-Timmermann statistic, information ratio, and cumulative long-short P&L for
all five forecasters. A forward-looking-bias audit verifies that all training windows are
expanding and use only historical data, that the MASE denominator is computed once
from the initial training window, and that forecasting contexts are constructed without
future information. The implementation also supports both real-data acquisition and

calibrated synthetic data generation, allowing stress tests and robustness checks even
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in environments without live network access. This matters for the paper’s methodolog-
ical contribution because it allows the same code base to be used for both empirical

comparison and controlled theory-consistent simulation exercises.

9 Conclusion

We have developed a general-process theory of the four-parameter Sign-Power General-
ized Forecast functional under squared-error, absolute-error, and directional-accuracy
loss. For fixed parameters (d, g), the inner optimization problems reduce respectively
to linear regression, median regression, and a threshold sign problem. The outer opti-
mization problems reduce, through the Darsow—-Nguyen-Olsen product applied to a
single one-step copula, to functionals of the pair (F,C1,d, g). The directional-accuracy
problem exhibits a structural asymmetry relative to the magnitude-sensitive criteria:
it depends on lag structure but is invariant to the power exponent. The financial ap-
plication shows why return forecasting is a natural empirical domain for the SPGF
framework. Heavy tails make the magnitude transform relevant, asymmetric depen-
dence motivates copula modeling, weak but persistent concordance motivates sign pre-
diction, and horizon-dependent decay motivates lag selection and multi-lag aggrega-
tion. On this foundation we derive three operational improvements over the baseline
SPGF-SIGN estimator —MultiLag-Logistic, CopulaProb, and Ensemble—and evaluate,
together with AR1-Sign and SPGF-Sign, a five-method directional forecasting suite.

The companion Python implementation provides a reproducible platform for sim-
ulation and rolling-window evaluation. Its role is not merely computational: it opera-
tionalises the paper’s central message that forecast optimality depends on the loss func-
tion, and that a single parametric family can expose this dependence transparently. The
empirical results and robustness analysis generated from this framework can therefore
be read not only as a horse race among forecasting rules, but as an applied map of the
theoretical separation between MSE-, MAE-, and SIGN-optimal prediction.

A Waldian perspective on loss selection. The theoretical development of the paper
is inherently decision-theoretic: for a fixed loss function, the SPGF framework delivers
the optimal action (a*, b*, d*, g*) in the Waldian sense, Wald (1950). However, the cen-
tral finding that the MSE, MAE, and SIGN optima are generically distinct (Remark 5.2)
raises a higher-order decision problem: which loss should the practitioner choose? This
is not a modelling ambiguity but a fundamental reflection of the fact that different eco-
nomic objectives imply different risk functions. The diagnostic tests of Appendix A.1—
in particular the tests for sign-monotonicity and the equality of MSE and MAE slopes—
provide data-driven evidence to guide this meta-decision. Rejection of sign monotonic-
ity, for example, indicates that the simplifying zero-threshold rule is invalid, favouring
the full SIGN threshold search; rejection of slope equality indicates that conditional
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asymmetry is present, so MSE and MAE should not be treated as interchangeable. In
practice, one may adopt a minimax regret criterion over the three losses, or form a con-
vex combination Ly = A{MSE + A\asMAE + A3(1 — HR) to reflect preferences, both of
which are natural extensions of the present framework and are indeed supported by

the companion code for anyone wishing to perform further experimentation.
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A Testable Hypotheses and Diagnostic Tests

This appendix presents four testable hypotheses that follow directly from the theoretical
results in the main paper. Each test is stated with its mathematical foundation, required
estimators, and sampling distribution. They are designed for implementation within
the rolling-window backtest framework described in Section 8.

A.1 DNO concordance decay test
A.1.1 Theoretical background

The Darsow—Nguyen-Olsen composition theorem (Theorem 4.2) implies that the con-

cordance

Kit1 = E[sgn(zi41) sgn(zi—q)]
is a deterministic function of the one-step copula Ci:
Ka+1 = Lat1(Ch), Lip1(Ch) == /[ . (21{u > 1} -1)(21{v > 3} -1) Ay, v),
0,1

(A1)
For a Gaussian copula with parameter p, I'q11(p) = 2 arcsin(p?*!). In general, the DNO
product defines a specific decay profile that can be tested against the observed sample
concordances.

A.1.2 Hypothesis

For a fixed maximum lag D, test
H(()DNO) : Rd+1 :Fd+1(01), dZO,...,D—l,

against the alternative that at least one lag deviates.

A.1.3 Estimators
1. Fit C; from the training sample using the semiparametric method (Section 4.1).

2. Simulate a Rosenblatt chain of length /N from C (Algorithm 6.2) and compute the

simulated concordances:

N—-d-1
1

Rap1 = N1 nz:l SgN(Zp+d+1) sgn(zy). (A.2)
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3. From the observed sample, compute the empirical concordances:

T-1

. 1

Kd+1 = T_d—1 Z sgn(@t+1) sgn(Ti—a)- (A.3)

t=d+1
A.1.4 Test statistic
Let
. R - . L \T
ep = (R1 — R1, Re — Ra, ..., Rp — kD)

Under Hy, ep is asymptotically normal with mean zero. Its covariance can be estimated
by a block bootstrap or a HAC estimator (Newey—West). The Wald statistic

Wono =ep S ten & \% (A4)

provides a joint test. Rejection indicates misspecification of the first-order Markov as-
sumption or the chosen copula family.

A.2 Upper bound on single-lag directional accuracy

A.2.1 Theoretical background

Theorem 5.5 establishes that, under the symmetry and sign-monotonicity conditions,

the maximal achievable single-lag directional accuracy is

1 1
Accuracy™(d) = 5t5 |Kdt1]- (A.5)

Any forecaster using only a single lag d cannot exceed this bound.

A.2.2 Hypothesis

For a given single-lag forecaster (e.g., SPGF-SIGN) with empirical hit rate HR,, test
— 1 1
H(gBound) : HRg < 3 + B |Kas1l,

against the one-sided alternative that the forecaster exceeds the bound.

A.2.3 Estimators

e HR,: out-of-sample hit rate of the single-lag SPGF-SIGN rule (or any competitor)
atlag d.

® fq41: empirical concordance from the observed sample (or the DNO-implied value).
We recommend using the empirical concordance for a direct data-driven compar-

ison.
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A.2.4 Test statistic

Define L1
Ay =HRy — (2 + 2|f‘fd+1|> :
Under Hy, Ay < 0. A one-sided test uses

Ag 4
Zu= ay = NO.), (A.6)

where se(A,) is obtained via a block bootstrap that resamples pairs (2441, 2¢—q) and re-
computes both Iflﬁd and ~4+1. Rejection (Z; > z,) indicates that the forecaster exploits
information beyond the single-lag symmetry bound, which may occur if multiple lags
are used or if the symmetry/monotonicity assumptions fail.

A.3 Test for equality of MSE and MAE slope parameters

A.3.1 Theoretical background

Corollary 3.6 states that by;q; = b5 if and only if the conditional distribution of y
given z is symmetric about the linear predictor. Thus a test of slope equality is a direct
test of conditional asymmetry.

A.3.2 Hypothesis

For a fixed transformation z = sgn(x;_q)|z:—_q|9, test

(Asym) o
HO Y : bIt/ISE - bK/IAE‘

A.3.3 Estimators
In each rolling window:
e byse: OLS slope from the regression of y on z.
* byag: slope from the median (quantile 0.5) regression of y on z, solved via the
first-order conditions (Theorem 3.3).
A.3.4 Test statistic (Hausman-type)

Let 0 = (BMSE, BMAE)T. Under the null, both estimators are consistent for the same

population slope, but OLS is efficient under conditional symmetry. Define

4 = buvse — bMaEg-

31



Sign-Power Generalized Forecast Functional CAIL-WP-2026-SPGF

Its asymptotic variance is
Var(q) = Var(byse) + Var(byar) — 2 Cov(buse, buat),

where the variances and covariances are obtained from the joint asymptotic distribution
of OLS and quantile regression estimators (using the influence function approach; see
Koenker (2005)). The Hausman statistic is

42

d
Whausman = /g ~ X%' (A7)
Var(q)

A large value provides evidence of conditional asymmetry.

A.4 Test for sign-monotonicity
A.4.1 Theoretical background

Corollary 5.2 requires that

m(§) = E[sgn(zt41) | 21—q = ¢ (A.8)

is non-decreasing in &. If this fails, the optimal threshold 7* may be non-zero, and the
simplified zero-intercept rule is not justified.

A.4.2 Hypothesis

Test
H(()Mon) . m(fl) < m(,fz) for all fl < 627

against the alternative that m(¢) is not non-decreasing.

A.4.3 Non-parametric test

1. Partition the observed z;_4 into K quantile bins (e.g.,, K = |T"/3]). Let the bin
midpoints be &1, ..,&x and let m; be the average of sgn(z;41) within bin j.

2. Use the Jonckheere-Terpstra test for ordered alternatives (Jonckheere, 1954). Let
YT(Z) = sign(x¢+1) for observation r in bin ¢, with n; observations per bin. The test

statistic is
ng MNj

J= > 22 vy (A9)

1<i<j<K r=1s=1

which counts all pairwise comparisons across bins that are consistent with the or-

dered alternative (non-decreasing m(¢)). Under the null of no trend, J is asymp-
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totically normal with mean p; = ;(N? — 3°,n?) and variance obtainable from

Jonckheere (1954), where N = ). n;.

A.4.4 Interpretation

Rejection of H, (()Mon) implies that the sign-monotonicity condition fails. In that case, the
practitioner should estimate the full threshold 7* via Algorithm 6.2 rather than assum-
ing 7 = 0, and consider that the forecast sigh may depend on the magnitude of the
lagged value in a non-monotone way.

A.5 Summary of implementation

Table 1: Summary of diagnostic tests

Test Required data Primary statistic ~ Distribution

DNO decay One-step copula fit, Rosenblatt chain Whbno (A4) X%

Hit-rate bound Out-of-sample hit rate, emp. concordance Z; (A.6) N(0,1)

MSE vs MAE OLS and median regression slopes Whausman (A.7) Xi
Sign-monotonicity ~ Binned conditional sign averages J (A9) Normal / bootstrap

All tests can be performed in a rolling-window fashion to assess the stability of the
underlying assumptions over time. The companion code infrastructure (Section 8) al-
ready supports the necessary estimators; only the additional test statistics need to be

implemented.
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